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Abstract 

> 

We consider the geometry of four spatial displacements, arranged in cyclic order, such 
^ | that the relative motion between neighbouring displacements is a pure rotation. We compute 

the locus of points whose homologous images lie on a circle, the locus of oriented planes 

whose homologous images are tangent to a cone of revolution, and the locus of oriented lines 
whose homologous images form a skew quadrilateral on a hyperboloid of revolution. 
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1 Introduction 

Four-positions theory studies the geometry of four proper Euclidean displacements, see O 
Chapter 5, §8-9]. Often, it is considered as a discretization of differential properties of order 
r/C) three of a smooth one-parameter motion. In this article we take a different point of view and 

in 

(N 

in 



regard the four displacements as an elementary cell in a quadrilateral net of positions, that is, the 
discretization of a two- or more-parameter motion. Motivated by applications in the rising field of 
discrete differential geometry 0] we intend to study quadrilateral nets of positions such that the 
relative displacement between neighbouring positions is a pure rotation. The present text shall 
ON provide foundations for this project. Thus, the questions we are interested in are induced from 

discrete differential geometry. Nonetheless, our contributions seem to be of a certain interest in 
their own right. 

^ Denote the four displacements by do, a\, Cfe, (X3 and the relative displacements of consecutive 

positions by T,-,;+i = ce,-+i o ar 1 (indices modulo four). We require that every relative displacement 
T i;(+ i is a pure rotation. In this case we call the quadruple (cCq, (X\ , (X2, 0^3) a rotation quadrangle. 
Rotation quadrangles with additional properties (the displacements ai o a^ 1 and (X3 o a^ 1 are 
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Figure 1 : Homologous points on a circle, homologous planes tangent to a cone of revolution, and 
homologous lines on a hyperboloid of revolution 

also rotations) have been studied in (3l Chapter 5, § 9]. Our contribution is more general and we 
provide answers to questions not asked in 0. 

In Section[2]we address the problem of constructing rotation quadrilaterals. Study's kinematic 
mapping turns out to be a versatile tools for this task. Subsequently, we study points X whose 
homologous images X; = 05; (X) lie on a circle (Section [3} Figure [T] left), oriented planes e 
whose homologous images £; = G5;(e) are tangent to a cone of revolution (Section [4| Figure [I] 
center), and oriented lines I whose homologous images £; = G5;(-£) form a skew quadrilateral on a 
hyperboloid of revolution (Section[5j Figure[T] right). 

2 Construction of rotation quadrilaterals 

One position in a rotation quadrilateral, say CXq, can be chosen arbitrarily without affecting the 
quadrilateral's geometry. The remaining positions can be constructed inductively by suitable 
rotations but the final position GC3 must be such that both T23 and T30 are rotations. This is certainly 
possible, albeit a little tedious, in Euclidean three space. The quadric model of Euclidean 
displacements, obtained by Study's kinematic mapping (4J [8j seems to be a more appropriate 
setting for this task. It transforms two positions corresponding in a relative rotation to conjugate 
points on the Study quadric y. More precisely, the composition of all rotations about a fixed axis 
with a fixed displacement is a straight line in the Study quadric. Thus, a rotation quadrilateral 
corresponds, via Study's kinematic mapping, to a skew quadrilateral Q in the Study quadric. We 
require here and in the following that Q spans a three-space which is not completely contained 
in the Study quadric 5?. This genericity assumption is not fulfilled in the special configuration 
studied in Chapter 5, § 9]. 

The quadrilateral Q is uniquely determined by three suitable chosen vertices Aq, A\, Ai and the 
connecting line of A2 and the missing vertex A3. Alternatively, Q is determined by two opposite 
vertices, say Ao and A%, and two opposite edges. In any case the input data defines a three-space 
whose intersection with the Study quadric is a hyperboloid H containing Q. The completion of 
the missing data is easy. Denoting the relative revolute axes in the moving space by r, ; + i the 
translation of these considerations into the language of kinematics reads: 

Theorem 1. A rotation quadrangle is uniquely determined by 

1. a fixed displacement 05;, three revolute axis r;;+i, r; + i.; + 2, r, + 2,;+3, and two rotation angles 
©!,;+! and &);+i,;+2 (indices modulo four) or 
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2. by two displacement a,-+2 an d two relative revolute axes r,-+2,i+3 (indices modulo 

four). 



Computing the actual rotation angles and line coordinates of the revolute axes from the 
quadrilateral Q is straightforward. The necessary formulas are, for example, found in [|9| Satz 13]. 
Beware that uses conventions for the Study parameters that slightly differ from modern 
authors, for example B or (H. Therefore minor adaptions to the formulas may be necessary. 

3 Homologous points on a circle 

Now we turn to the study of the locus of points in the moving space whose homologous images 
lie on a circle (Figure [T] left). As usual we consider straight lines as special circles of infinite 
radius. If the four relative displacements are general screws, the sought locus is known to be an 
algebraic curve of degree six |3] p. 128]. In case of rotation quadrilaterals this is still true but the 
curve is highly reducible: 

Theorem 2. The locus of points in the moving space whose homologous images lie on a circle 
consists of the four relative revolute axis roi, ryi, r 23» r 30 an d their two transversals u and v. 

Proof. By the general result of Q the sought locus can consist of six lines at most. We show that 
all points on the six lines mentioned in the theorem have indeed homologous images on circles. 
For points X G r, j!+ i this is trivially true since we have Xj = X, + i. Since any transversal carries 
four points of this type, Lemma |3]below, implies the same property for all points on u and v. (At 
least the first part of this lemma is well-known. An old reference is p. 187].) □ 

Lemma 3. Consider a straight line £ in the moving space and four affine displacements. If I 
contains four points whose homologous images are co-planar than this is the case for all points 
of I. If in addition, the homologous images of three points lie on circle, this is the case for all 
points of I. 

Proof. We can parametrize the homologous images of £ as 



such that points of the same parameter value t are homologous. The co-planarity condition reads 



(we omit the argument t for sake of readability). Since it is at most of degree three in t, it vanishes 
identically if four zeros exist. This proves the first assertion of the lemma. 

Four homologous points Xq, X\, Xi, X3 lie on a circle (or a straight line), if three independent 
bisector planes J3j,- of Xj and Xj have a line, possibly at infinity, in common. This is equivalent to 



£r. Xi(t) =a,-+fd,-; a,-, d ; eR 3 ; / = 0,1,2,3 



(1) 




(2) 




(3) 
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Figure 2: Homologous images of the transversal line u 

Corresponding points are assumed to be coplanar. Therefore there exist scalars A, jJ. and v, not 
all of them zero, such that 

A(x -xi)+ju(xi -x 2 ) + v(x 2 -x 3 ) =0. (4) 

Hence, the circularity condition becomes 

A (xj • x + x[ • xi ) + n (x[ • xi + xf ■ x 2 ) + V(xf • x 2 + xf • x 3 ) = 0. (5) 

It is at most quadratic in t. Therefore, existence of three zeros implies its vanishing and the 
second assertion of the lemma is proved. □ 

The set of circles through quadruples of homologous points originating from a relative revolute 
axis r, i+ i is not very interesting in the context of this article. Of more relevance is the set of 
circles generated by points of the transversal lines u and v. 

Theorem 4. The circles through homologous images of points of a transversal line (uorv) lie 
on a hyperboloid of revolution. 

Proof. We consider only points on the transversal u. Any two of its successive homologous 
images w,-, intersect in a point C/^i+i, the intersection point of ot ; (r,., + i) and a,-+i(rj 
Therefore the lines uo, u\, w 2 , m 3 are the edges of a skew quadrilateral and lie on a pencil of 
hyperboloids. The intersection points with circles through homologous points form congruent 
ranges of points on the lines uq, u\, u%, m 3 and the intersection points Ujj+\ correspond in this 
relation. Consider now a circle C such that every intersections point V, with Uj lies outside the 
segment \Ui-\.i,Uij + \] for i £ {0, 1,2,3}. Setting 

a:=dist([/ 3 o,t/oi), b := dist(t/ i , U n ) , x := dist(£/ i, Vb) = dist(C/ i , Vi) 

(o) 

c:=dist(£/ 12 ,C/ 23 ), J:=dist([/ 3 o,f/2 3 ), y := dist(f/ 23 ,F 2 ) = dist(t/ 23 ,V 2 ) 

(Figure|2]l we see that b+x = c + y and a+x = d+y. This implies t? + c = b + d. In other words, 
both pairs of opposite edges in the skew quadrilateral (t/oi , Un, U23 , L/30) have the same sum of 
lengths. This is a well-known criterion for the existence of a hyperboloid of revolution through 
uo, u\, U2, and m 3 . □ 
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4 Homologous planes tangent to a cone of revolution 

In this section we study the locus of planes e in the moving space such that its homologous 
images So, E\, e 2 , £3 are tangent contact to a cone of revolution (Figure [T] center). Actually 
we will not discuss this in full generality but restrict ourselves to the case of oriented planes in 
oriented contact with a cone of revolution. This means the cone axis is the intersection line of 
the unique bisector planes of £, and £ ;+ i. Having in mind applications in discrete differential 
geometry (a kinematic generation of conical nets, see [6]) this additional assumption is justified. 

Since the offset surface of a cone of revolution is again a cone of revolution, every plane 
parallel to a solution plane £ is a solution plane as well. We infer that the sought locus of planes 
consists of pencils of parallel planes. This can also be confirmed by direct computation. Denote 
by e = (eo,e\,e 2 ,e 3 ) T the plane coordinate vector of £. If A,- is the homogeneous transformation 
matrix describing a,, the coordinate vectors e, of the homologous planes are found from 

ef = e r -Ar 1 J iG {0,1,2,3}. (7) 

The condition that they have a point in common reads 

E(e ,ei,e 2 ,e 3 ) = det(e ,ei,e 2 ,e 3 ) = (8) 

and is of degree four in eo, e\, e 2 , and e 3 . Assuming that ^ holds, the condition on the conical 
position can be stated in terms of the oriented normal vectors n ( which are obtained from e, by 
dropping the first (homogenizing) coordinate. The planes are tangent to a cone of revolution if the 
four points with coordinate vectors n, lie on a circle (note that these vectors have the same length). 
This condition results in a homogeneous cubic equation G{e\,e 2 ,e 3 ) = which is nothing but 
the circle-cone condition known from four-position synthesis of spherical four-bar linkages (see 
p. 179]). 

A closer inspection shows that there exists a homogeneous polynomial F{e\,e 2 ,e 3 ) of degree 
four such that ([8]) becomes 

E(e , ei,e 2 , e 3 ) = F(e 1 ,e 2 ,e 3 ) +e G(e\,e 2 ,e 3 ) = 0. (9) 

Hence, solution planes are characterized by the simultaneous vanishing of F and G. Since 
these equations are independent of eo, the value of the homogenizing coordinate can be chosen 
arbitrarily. This is the algebraic manifestation of our observation that the solution consists of 
pencils of parallel planes. 

Since the two homogeneous equations F and G are of respective degrees four and three there 
exist at most twelve pencils of parallel planes whose homologous images are tangent to a cone of 
revolution. But not all of them are valid: The circle-cone equation G also identifies vectors no, 
ni, n2, n3 that span a two-dimensional sub-space. The corresponding planes £0, £1, £2, £3 are all 
parallel to a fixed direction but do not qualify as solution planes and have to be singled out. The 
complete description of all solution planes is given in 

Theorem 5. The locus of planes in the moving space whose homologous images are tangent to a 
cone of revolution consists of six pencils of parallel planes: 

1. The planes orthogonal to one of the four revolute axes roi, r\ 2 , r 23 , r 3 o and 
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2. the planes orthogonal to one of the two transversals uorv of these axes. 

Proof. We already know that there exist at most twelve parallel pencils of solution planes, 
obtained by solving the quartic equation F(ei,e2,es) = and the cubic equation G(e\,e2,ej) = 0. 
By Lemma [6] below (which actually has been proved in a more general context in J3j pp. 131— 
132]), six of these pencils of planes are spurious and have to be subtracted from the totality of 
all solution planes. Thus, we only have to show that the planes enumerated in the Theorem 
are really solutions. This is obvious in case of a plane e orthogonal to axis r,y+i since 6; and 
£, + i are identical. In case of a plane orthogonal to u or v it is an elementary consequence of 
Theorem |U □ 

Lemma 6. Consider four spherical displacements Go, di, 02, and G3. Then there exist in general 
six lines (possibly complex or coinciding) through the origin of the moving coordinate frame, 
whose homologous lines are co-planar. 

Proof. The co-planarity condition applied to a vector x reads 

rank(x ,xi,x 2 ,x 3 ) < 2. (10) 

We compute classes of proportional solution vectors by solving the two cubic equations 

det(x ,xi,x 2 ) = det(x ,xi,x 3 ) =0. (11) 

It has nine solutions. But the three fixed directions (one real, two conjugate imaginary) of the 
relative rotation 02 ° Gf 1 are spurious so that only six valid solutions remain. □ 



5 Homologous lines on a hyperboloid of revolution 

Finally, we also investigate the locus of lines £ in the moving frame whose homologous images £q, 
l\, £2, £3 form a skew quadrilateral on a hyperboloid of revolution (Figure[TJ right). As usual, we 
restrict ourselves to generic configurations. Moreover, we make an additional assumption on the 
line's orientation: Setting L^+i := ^n^'+l (indices modulo four) we require that, when walking 
around the edges of the skew quadrilateral (Lqi, £12,^23, £30) we follow the line's orientation 
only on every second edge (Figure [TJ right). 

The manifold of lines in Euclidean three-space depends on four parameters. The mentioned 
condition on the four homologous images £q, £\, £2, £3 of a line £ imposes, however, five 
conditions: four intersection conditions for the skew quadrilateral and one further condition for 
the hyperboloid of revolution. Therefore, we expect no solution for a general screw quadrangle. 
On the other hand we already know (Theorem [4]) that for rotation quadrangles the homologous 
images of two transversals u and v form the required configuration. We will show that these are 
the only solutions. 

Considering the skew quadrilateral condition only, it is obvious that either 

• £i and intersect a,-(rj j!+ i), possibly at a point at infinity, or 

• £i and are orthogonal to OJ;(r (j ,- + i). 
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Only the first condition is compatible with our requirement on the orientation of the homologous 
lines. Therefore, it is necessary that i intersects all lines r,y + i (indices modulo four). Hence t = u 
or i = v. Combining this result with Theorem [4] we arrive at 

Theorem 7. The two transversals u and v of the four relative revolute axes roi, r\2, T2% and r^ 
are the only lines whose homologous images form a skew quadrilateral (with proper orientation) 
on a hyperboloid of revolution. 

6 Conclusion and future research 

We investigated geometric structures related to four displacements a, (i G {0, 1,2,3}) such that 
the relative displacements T, , + i = ce,-+i o ar 1 are pure rotations. In particular, we completely 
characterized the points, planes and lines whose homologous images lie on a circle, are tangent 
to a cone of revolution or form a skew quadrilateral on a hyperboloid of revolution (with proper 
orientation). In a next step we plan to study quadrilateral nets of proper Euclidean displacements 
such that neighbouring positions correspond in a pure rotation. Using the results of this article 
it is possible to show that independent pairs of principal contact element nets can occur as 
trajectories of such nets. Since mechanically generated motions are often composed of pure 
rotations the theory might also be useful in more applied settings. 

References 

[1] A. I. Bobenko and Y. B. Suris. Discrete Differential Geometrie. Integrable Structure, vol- 
ume 98 of Graduate texts in mathematics. American Mathematical Society, 2008. 

[2] A. I. Bobenko and Yu. B. Suris. On organizing principles of discrete differential geometry, 
geometry of spheres. Russian Math. Surveys, 62(1): 1-43, 2007. 

[3] O. Bottema and B. Roth. Theoretical Kinematics. Dover Publications, 1990. 

[4] M. Husty and H.-P. Schrocker. Algebraic geometry and kinematics. In Ioannis Z. Emiris, 
Frank Sottile, and Thorsten Theobald, editors, Nonlinear Computational Geometry, volume 
151 of The IMA Volumes in Mathematics and its Applications, chapter Algebraic Geometry 
and Kinematics. Springer, 2009. 

[5] J. M. McCarthy. Geometric Design of Linkages. Springer, New York, 2000. 

[6] H. Pottmann and J. Wallner. The focal geometry of circular and conical meshes. Adv. Comput. 
Math., 29(3):249-268, 2008. 

[7] A. M. Schoenflies. Geometrie der Bewegung in Synthetischer Darstellung. B. G. Teubner, 
Leipzig, 1886. 

[8] J. Selig. Geometric Fundamentals of Robotics. Springer, 2005. 

[9] E. A. Weiss. Einfiihrung in die Liniengeometrie und Kinematik. Teubners Mathematische 
Leitfaden. B. G. Teubner, Leipzig, Berlin, 1935. 



7 



